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aeJ

Comider G basis 2\ewent 0’; fD'B'OaLP“l' l—g‘%d‘fo%' o _H_Xat
ot it be x"(uP) whoe U B aftnin Xp for oo p
Tf:mwu fhak Jc (KPCUFJ % g?gm in A.
I (7)) = (47 )Cop
o=
= (%-9) (o)
- 4y
HUTE UFs v C"Pm n XF
Since ,_‘]:F A = XP T» conktnuous
noin A
= (KP :f") (UP) ) dﬁ'tw'lﬂ A
> (f. KP) (0p) 5 dprrinA
= e (np(up)) i a7ém1nA
= f [ conknuous.
??rava that lta /bwa!ucf of conkinuous jumcfzano need not be conbinuous.
ﬁooF Cormdf-ﬂ fe ,ﬁ éa}\ h’.’#dfﬂﬁa’ R .:l;‘;tx"' wWheore Xn= R-quzkn

Defive S R-)R by j(t) Ct, kit )
Hoe Fo: R >R bo"\. JQG)__{' > conknuous .
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i (% l._,.,on, Kral j_. R — fem » nel contiruous

dt 8= (-,1) % (-3,4)x (~8:3) #eeeee

w

be T basis clemeot which % afan in R
To prrove fhat F (@) & et cfenin o
Supppese Jr?@ b cpen in R
Swe o €4()  F(B) » Pen
= Jhte eish an inteval (LS, 8) ASuh that
0e(-8,8) = 5 ()
= .f(—é",&) =B
= M ($(-5,5)) < A (B)
= Ju(-5,8) = M(m)
= (-58) e (__;”.;T) At g (@) =t
which & a onliadiction
j?@ 2> not gpen in R
. Roduct 0 conkinuoup Fomckions noed mot be conlénuous.

Jﬁﬂﬂﬂ"’ : ﬁt ;X“ be an ?na}fxfﬁp M Q}C /%acw | amaf J"I

Ax < Xu %«ewhﬂ(. ﬂ% T X« b Sriven ,eifrmzﬁ/érwbﬁor
!‘51 &0}‘- Edﬁd—fo% fhm —’TZ«* — -ITAN.

PRoF: Gruen ook %l be & am indixed fomily of Apace.
amd A« = Xu For gach x
T Xe & Fiw iffor 2 product or G box lapotody-
To froe bal - A, - TTA
et X = (2<) € T A«
wlhere x € Ax o ooch X,
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oat U = ﬂ U« be a basis plement %r eilher  fa /:rroolucf
or box W"j"{!’ thal containe X .

J/}en Aince X< € Z« 5 e can choose @ /éofnt
9« € Ux N Ax f'f':rr-?_ad\, .

(7/}&'1 V.—. (5{-,‘) b an element # bof U and TTA«

= UNTA # &
cc,‘vmg clermeat of X Inbunsects TA«

= X € TlA«

Hence TR e T A O
50""’””43 Wt w amumethal X = () € TMA
To {wm Hhat xP € EF’ Fore any Yiven ndex B

dt \p be an atbitray open et of Xp contairing L .

-1
AP (VP) - X,(I )C_ ng 5 Xof‘_-, K owrmraeann W VP ) ST

Now 7{; (VP> » O’Pﬂﬂ n TI"X.x Confai%} Cq_-d)

&nﬂe (ﬂ-d)é -”_-Z; 2 ﬂ:; (VP> ﬂ -”-Aﬂf :’: ¢

Choose cz/poin% Y. (Ef.e) c ?\'; (VP) N A

> (We B (%) and (%) € TiAc

= H’PEVP and }}P € AP

= MNAg#+ &
% € Ap
(‘7-"‘) € n;«-{

= TA: = TTAc —> (@
L R @ &® , we proe That TTAL = T A<
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The Mebvic Tofwlogy :

DEF:  pMETRIC

A Metvic on ald X v a f'ﬂmch‘ow A: XxX—f
'ﬁguirp M éﬁ{faﬂuwma /mt)ﬁfaf&m:
(5) A(ﬂ‘,g);o .if’araﬂ/ %, €X
Q) A(_'ar,f,j) =0 ftfﬁ x =Yy
(hT) d(a,y) = a’(&l,ﬂ)
Gy A(z,%) < Az, 9+ A(93) For ol 2,9, € X
(T;\,iaﬂ e 'ine.?uobtg)
Noke: (Givew a omeliic & on X/, e number d(ﬁ,‘g) 3 called t
Aistance between o and j in (o metric .
DEF:  OPEN BALL (o) € -ball
ot (x)a}) be a rmebu)c,/éfame ond z€ X . Then
C%M ball cenlsted at x and hadivs € lanoted -‘:Z,l. B, (=, 8)

b it av B, (x,€) = }yex}a!(cr,g)<gj
thich & calld B E-ball contured o %,
METR(c ToPotoGy
Ak (%,d) be a mebric Appace and  at
B - f&;(pr,e)) xex, €70y b o bars fo G

k?%df’j? on X amd G hf,o'foa?» g,emyraﬁd E:g_ fhis bases

b kvown oo metiic (—Jﬁdfojg' Tncdeteod é::a. A.
NOf'e:

A Set () v 07;2»., in (i mebic &%ﬁoﬁ induced by oA

B ot Jeu tue ot a 850 Suh tnat
BA(}{,J‘)CU
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1.4‘);St "l’&' ‘ﬁq/h'rﬁ“’f :

.(:) X be a nmr-cn};{’ Aol aned f-h‘[r'ﬂ(" c’: XxX >R
[“} « 'J("t » {1) o . 4 ;:( o y
‘ ‘ o if =Y

Jfrm A b a melviec on X, Ths omelrie v called Aiscvetbe Metric,

I ‘
The {C‘(\‘rq}ﬂ-- it ?”“t“'if-\/: la cflisevele fn/wfo?g . (e [asis 2lement
6(‘.‘2’,,{)' "}'{‘C" k‘xam}}k‘ 3 Con.S'l.sfs d’f e fmih! z aﬂawe

\_51':::\1'-}"!-1' T’?’ }*falj:fj :

Gl x=R . poﬁnc A: RxR — R épa d(x,g): [:r-—-i,ﬂ]
Jl’?(‘n CJ i a mebhic on C. JF‘P?_S Wet:lf& 7 Catélc, U/SU.O»E meliic.

&t B =5f3»,:(a',£)/:t€€/ E,?Gj b o baris For &

fa'f»c‘fojy on IC.
The !z:?"paroja. Gerwralicd by fhis bansis & called

lee AStavndard f‘nfx'fdg;j- on K.

METRIZABLE :

Tf X is a topolagical Apace fhen we Say fpab X B
Aaid to be me{:-wbab!e EDL frwre eoash a mebiic o on e
At X Auch that A inducs @ lopeleyy of X. A wmebiic
Aoate mcﬂaﬁablc A/;m,z X &3‘#‘” Wittt @ /5/99‘:‘%9'4‘5
melic A that Jires fafgdam o X.

BOUNDED -
a('[ X be a mebic /S/mw wity meliic d . A Aubset

A of x & Aad to be pounded if (e b Aome number M
Auek ol d(@,a) < M o ety pan a, a0 of poid of A
DPAMETER: Tf A i boundd and non*&w)):g’ tren (G Aiameter of A
& Atfined to be t@ pumber cliam A = Sufs {d(a,!m”a,)aa G'Aj
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L
/ A ey -

({d X be a melic A/mcc with, amechic A. L.Df_'ﬁnc oA XxXS5>pr

ﬁa o Cfuczzfon o (q’ 3) = min i d’(:r,g)) ij ' TJhen T B o mebiic
Mhalt induces fMa _Same fff)d’foaj- as d. The mebic 4 b called
o A&anaWJ bounded meliic Corm/?anﬂ‘f‘l-‘? lo .

[ fcg“_,-

Gliven that X s a melic Apace with melic .
d: XxY >R difined by J(z,4)= min Jdx,9), 1]
TE:/nwr: d v a ommeliic on X
@ 5(2,‘:9 = wmin {A(z,g),i} so Aine dAlz,y) 30
(@) d (2,9) =0 Uf Z=§
d(x,9) =0 & wmin Jd(x), 1} = o
& d(sr,a)zo
& x=Y§
Gi) d(=9 = min{d(x,g),j_}

= min%d(g’.g._)) i} Sie A v a meliic
= A(x,9) = A(y,x
- (s, ) = ey

(10 To proe: J(x,4) < J(g,g)+§(3,%)
__G_w_g(i)_.Suﬁaose A(z,9) 1 (or) A9, %) > 1
d(x,4) = wmin A9, 1) = L
d(4,) = mwmid(y,s),1§ =
A7) +d(y,m) >0
A (7:3) = mlnfarx,rs),!j 1< 5(“'”)"‘;(”’"5)
d(z,3) < A(x,9)+ d(Y,)
Care (i) Su]o’r:ose d(z,9) <1 and J(zj.ff,)<1
=2 d(xy) = A=) ) = A
and  Al3m) = mnjdla]) = 483
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ACo,w) v Alr, ) and A(Y.B) 5 oAy, n)

We know Mal .J(':.':\) < l(m,9) 3 d40(8,%)
Al A(yn)
o l(n,n) < A(n, W - ") (:1,'!1) i D)
Al A (2:%) = win ; Alr,m), lj
< e(a,m)
S d(a, ) +A(3n) by ©
A(yn) < 5(“‘:1)) -+ :(.‘?"5)
= :-T iy a wmeliie on 5

Henee M f:'b'!'!ff-

Nof‘t‘: _Tu\. c\n‘} )wfﬁ.‘c ,y‘wc\c(‘ ) M C‘o”l‘rléow C‘:-r S -f::a.m wilh, € < 1
Ptas—— 4
Fown @ basis For @ melnic l‘bfx‘fojz_j. becawse Quuty basis 2lement

(_"cn{.;-._ir{u-g x containe Auhv an € ball  centeoud al x. with € < L
Also i colleckton <f € - balls wiln E <1 tndur (Fese

—

fuo meliics o and 4 ane & /f)amc Colle ckion.

Pottn & and A4 Indue & _Aame f’n‘{'oafog% an .

-

{_.Gmma_ =

Lt A and ‘-‘lr be two mehics on @ Ad X. et Tond T
be f‘df?dﬂjia frey dncluce, )\.M/pw.'cf'&lru%._ Thawe ' & Jrener than T
{_{:f f?’é, eacky 2 €X and =rach E£>0 there Qocsb a d>o

bl B (x,5) = Bu(re)
F_‘ror: (;'m,,_.,, Kal o andl df e (G foro mekios on tm A X,
T and V' be M fofpofogico of 4 and o ves pectively.
(r; #ﬂ‘! 2 '3" Eﬂ_;rﬂw foran T .:J'SL »ft‘r Lach € X and  gach
E>o Ja (F}'D {Suff\.r fhal BH.(K’J\) & 8‘; (:Q‘;E)
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Tort T Agswre Wk T amd T pe two fofalege F X
Adsome toal T b Finet than T
To proe :  For eech xe X omd kach E70
Such et By (x,8) < Ba (x,€)
By fomma,  Jor oty xE X amd Bed Fa 5'55’
Sk oot xEB B

= ko R.Vma x e X omd tach basis element  PBd (:.r, E)
toore oxish @ basis element p}‘; Tfm T Auh hat

IEBrCB-J(x,E> = (1)
L We con Find @ ball By (x,8) =B
SO Bu(z,$) = B < Ba(x,£)
= B (x,6) = By(z,8)

r]a Cr)O

._Fé}.[i.; A/}‘}OJ‘“Q mn:bt %—r gach T E X omal cach £ 70 J(}L CF}O

Such et B(%,8) < Ba(x,e) — @
To prove lal ' & Firr than T |
6 to frove fhal T'osT G TeT
Lr B be G bass chment of T containig %

. We can ﬁna(. a ball Ba(z,e) < B
@ = Jhere exish a §>o Auch Malt x€ By (x,8)c B

0” 9 finw Woon T

Euclidean Mebic :
Given Z= (%0,%, %5,y %0) ER s cifive I

2 2 2\Va
NoAm 0:,(9{.. [931'61 Q-Z!.Lﬂto“' "xn = (2‘,+2":-+?f_, 4 ----+ 2},>
d,-na' we a(.tﬁnc’ i eucliclan mebic A ow few é‘a % ﬂ?xﬁbbow

2 2 2772
gf(x,g)zﬂ‘:r-&’“ = [(m-y.)-&-(sr;-ﬂz) .;...-.._,.(z-ﬂ_g,)_]
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_Square Metnic .

c(,ll-'! 2« (a2 ﬂ‘a,ﬁ's/ ~~~~~ 2‘9 amdl H';(}j;,ﬁn,g_g).-.-.,g.) be
(@ Cfpmtnh GJ f\?m. Jﬁf-’ﬂv e ameluc F(;r,@ b otpﬁ—inma Mfo”auu.

P(Q‘»Ej)': Mnh%lﬂ‘r-—.‘)ll, IRE”H’,/“'”',-‘;\%-‘_H.,B
TThis melric f’(;:r,g) % called Squane wmelric.

. " 4 - -
______Nofr__. On e neal Line R=R J these two 'm.ef?ﬁm coincide

with (@ Atandatd  meliic rf;r’ i

Tn o Pl ® 16 basis element oncder o con be pictured
a» Civeulasr Negéons  while e [asis elorment  tndet P oean be
f)'ncltumcl a> dguate nggions.

Be:i 1, ra"; Aefine a'(sr,g)-: |20 =8| + (72 Yo | #om-- + |20 =Y

Bhow Tt A’ & @ ebiic on @
Sd: To prove that d b a mirc &
ot x,9erR"
= 2 = (%, %2, srg,....:aQ omd 5:(3592;23 S 39
Where @ 4 €ER
® d'(vr.a) = 2 =8+ 12 - Ya| 4oem s+ | 20— U0

20 Gime 8ER = [ -Yifzo
c:t(ﬂ,'j) =0 = lQ‘;—Hllq—fﬂ“c-—gz!-[-u---l- |$t'n—3n’:0
@ Z lf\'}_-—-ﬂ',_,: a
=1
= l:t‘;_g;l:o 'F':Trea.c\ﬂl

= R‘;-—‘g;:o ’FT"'-ECR!‘J'LE

@ -Q‘: = gf CFU., eocly |
L3 Q’:H.
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(i) To proove d'(x,1) < d'(a',:i) 4+ 409,%) V=74.% ER

Lt %,9,% €ER™
'_Ence n=2 . 5o 9"’72:% ER

= z=(x,2) , §=(9,92), =%, %)
whine 2Z;, §i,%i ER For 1<=1,2

drfﬂ’;%) = [:h-fa.[ i [:rz..'grzl

= ,ﬂ'r-—gl-k(jf""fﬂ] + lqz“'32+;2"r5'2

< IQJ—%ll * l%f—'"m\ . & lﬂ'zﬂ'éal o Iﬂz—'ﬁ’m

= |m-3|| +|q2.,g,_1 + lgf—”ml +[H:—'bzl
- Alx9) 4 d(3.5)
. alr(:r,'a) < alr(r,'z))-f-a‘!(ﬁx%)

4"

a': B mebde on R

Ex:2 T (2,5 = Max § [mi-31], |7 - 2]5 oo | 2n= 90| § tan
Show tat P i a mebic on R7

S W) ples) = Mer | |2i-9) 50

(i) P(g,9)=0 & Haxilﬁ'i_.g-tlj — 0
& lﬁi-ﬁilr—-a —'Furzac.ki,
& 2i-Yi= o for zaki
& A=Y r-F-re::skE
& x=4
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(ﬁ) P[ﬁ',f\) % MA&% lQ‘._.:L]% s N}.w\‘lfi; - 'I:'} . P(‘:l. v)
(D To fprove = P(as3) < P(x8) 4 F(8:3)
F(-?p"{,) = Max § l T - " ]}

A )
= Max | | & - Y5 4 Y- 5 {

-

€ Mo 12515+ Mas § |- 5]
= P(x.9) +F(%,%)
= P(x5) < P(x,8) + P(3:%)

LY

F i a welric en €

Jéfﬂkﬂmﬁ U& ﬁjxs?‘oﬁ&_g on few 7n¢{uccc( {:7 R E{.qcu:zl.ﬂ&

meliic d and @ /_5?#;;;1;: meluc F aw & ASawe a» (lu
P)g,{,ucf’ f‘;‘ﬁ'fo}g cn f?m
fRoof: (ﬁl j“) 9—:’ . ‘:J'; be T ,E.‘Jnlucf b/‘lf{“_‘}ff, [ﬁff‘"ﬁ:]'f'
induced by 4 awd G ooy induced by P rvpeelinly.
To /Earmva: T3 = s
Claim:  P(z,3) < d(=,3) < /n P(=.8) V z,yer”
At z; g er"
= X= (21,22, %3, .--, Za) and = (899 S35 «~n g,)
Comidt P(x,9) = Mox 3| 20-81] | |22 -2, .-, [m,-gnfj
= (% -4 (e
2 2 2,
dam‘ﬁ [ﬁ;,—g;.r < {Q- —5:! + lﬂ':-fj’l c StRA L fﬁ'—-"‘yﬂj
Taking Ajuareieet on  bolhndes, we et
IZ;,—S,;I < f If—r.-ﬂlf-p {x:-‘)sf.;- ----- + };z.. -5.]j
== d(‘?,g)
= Pxy) £ Ay — O
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Ja
Abe |z -81| < |2, -4s.| o |Ee-9e[ < |2 -S| PR

| %n - Ya| < lffs.,-éh‘o]
© frataposoms b« 3 ]
= ?}“l-—glf"" 2’"3’|2+""+ 1‘2"-3"'?}%5 'n;’z 2‘;,—3&]
= dy < welzy —@
o From @ and @, we have
P(ﬂrré) < gl(ﬂ;fﬂ) < Jn (= 3)

Honce G claim .
Next we ,[;mwe X A
& we have b Show Hhat 0 =t O amd ’]}Cg:(
Grst to ,9%\43 T T
o To [;:rrwe ot aﬁw zvma, xe‘rzw el ek £
ASuch Mhak B ('}t‘, @) = BF(R, g)

Azt K’EI’EQ and E >0
Chonse (9= &
Jhen to lvrova taak 124 (R’,&\) = BF(GY,Q)

Aok g€ Ba(z,d)
= c!('s‘x,b) <& =&
= Play) < € ASne Plx,8) < d(2,8)
= BQ Br(ﬁ’zg)
Bd(x,8) < Bz, E)
S Tye T — G

Next we Fn—m ot Tp < Ty
& we fhove 4o l:)fnve hat \ x €R and gad €2 Fa §>o0

Auh el Be(x,8) < Ba(n, €)

Fa d>o
3
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-“ » .
o‘.‘(’ TEL .‘ll"f.J £E>0

Choose J = LA

yrh

[o ‘;wtu- ihal [%r (};, c;") - Bu’ (!I‘, E)
&t ye Br(z,8)
= P(z,3) <=

3o

= [ P(ry) < &
= d(a,y < ¢
= Y€ Ba(z,£)
gf‘(ﬂ‘:é") < Bd (=€)
= e —@
- Rwﬂ@dﬂd@,mg proved fhat T = T =55
Then bflp-mve tat T = T |
o e have to Show et T e Tp amd Tp T
Frst  fut w /Jwva—h;v:!_ T =
At Bp(z,€) be a bari eliment for 2
Ak g e B?(x,s)
We need to find @ bari clorant B for T Auch toat
JdEB < Bp(7,8)
Be(z,8) = (xi-§, xi+e) # (- €, Zat+£) %= (Za-€ Znt €)
b a basis element For O
dr T

‘-G ,7"?\'2-: 0"(_-:"7;,
At 3= (b)) x(az,bp) x---- X (a.,,la.,) be a basis
2lement f;rg-
b x = (%, 22,235,..-:, Z0) € B
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L7f]cn 2"' - (a;,fﬁ) :fcn' { = f!2,3; ----- n
Fov cach :'/ we can anmarge an E >o ASuh hat
(-, %i+&) < (a;, bi)
Choose €= min jgrf E2 E3,.-, gnj
Jf?cn Bp(ﬂi,ﬁ) be @ bass ofnmmi' 0?' 7;’ amd
ze Bp(x,¢€)
Clam: Rp(x, £) € B
p{‘nf EE Bf(qﬁa)

= Pz, <€
= ma\#"lﬂ't"gfl, lﬂ'z—yzl; ----- l.ﬁ'ﬂ#ﬂnl} < &

= f"’“‘“ﬁll <g For ey i=1,23n
= Yie(m-¢, T+E)

= D E (a;)b'Q

= JE€B
. Bp(x,e) ©B

= Je =T

c Tc’_‘;};
T = T — ®

=]

P F;yr.,@@m,{@ W&%ﬂ.\f& 3}::0;1':7
/
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/. 1 .
A Bow (), b)) % (ar,b2) oot (an b)) be @ bars
.i*rt‘»nn\' 'T"’ m / O t’uc'i fﬁ/'t‘rﬁu:j .

.'\C’ T s (:;,,' .r{".f _"'.’1, A ,:"f-,) .’\p o ‘Jfl'rﬂﬂnl "’7_{ ;)J

fr'-' Qe hy f, ”lnlri‘ (a0 (c,

;o Auckh (Gal
(-€i, 214 &) < (c:?.-j bi)
Choose & = m ?‘E;, £2, E_a, .-y il

- c’_‘,u
To /tnnvt‘ thal  {2,(a,e) < B

Gl Y € By(n€)
=> P(z,y)< €
=> max{|x-9] 1;,_9,1,.........\m-u..l} < E
=[x < g dfor albi
—> Ig;_ a|l<e Vi
= - < Y-X<E
= 2-£ < Y < g Vi
= Y e(m-g,%+E) =(ai, br) = B
=7 %reh
B(—f!?a
Bp(x,e) < B

w HesT -5 @
Corwa;uﬂb%ﬂ Lab Br(g'g) e a [ranes e@:mc‘nt fm cacly

P- topotyy.
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N

Gtien T alemerd 4 € Bo(z,£), we nud bo Find a
basir derment B for ta prrodud lofelegy Auch ot
JE€B < Bp(%,8)
To p-t Br(7,£) = (7i-€, Hi+E) x (R2-€, R2+E) Koo x
(Zn-E, Zn+E)

At Y= (9,995, $) € Bp(%,€)

g € QP(-{I( E)

& plr, 9 <&
= T"JM{,R‘;*BJL |2z -32] 5o ’“ﬂ-ﬂ"'} < &

= !,‘Z‘;-g.;[.f < .Fyyep.clvi

::> ’ﬂ'r-—-fﬁ,{ﬁf ['/TE-'521<€'/,--., lftn-'.gn"fg

S Asbfre Y (x-€, 2t E)
Y2 € (,'Tz-- E/ R’z-{—E)

9n € (7m-€, Antg)
- Br(x,8) = (m- Zit) %(ma-€,R2+€) % mux (Kn-»E'/R‘-H—&)
Ohe RHs b a basis element for 1@ f::n«mlmt topatyy
Ohup e PTOAH& #n‘kdfogaa,;o f?nw than 5 P- f'a/édfoj‘g_
O = — @
e @m\f\@/we prove ot 3 = Jp —®
From B KB, we 3¢ T = Tp = Tu

Hence tm fheorerm
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UNIFoRM ToPolLo&Y:
Oébt J be an 1ndex Set amd @, b ER .D"—Jiine A(a,bp bB—
2.

1 o a welric on

g(ﬂ,b) = Tnin %i, \a-bl} ) Jh?.n. =
A bounded metiic on R.

This hﬁ#g dj- mebiic © colled (St'ams’a-'r
- i(xx)‘ej}

T o RxRxR® -
g
e ﬁ,&\{mtﬂﬁdfg.

a(p_t x = («“%e:r and 3-“- (9«),{:3-
CDEfme. ?(«,9) = Suf;%i(ﬁtu,'d}) OCEJ"}

>
T hen P b a meltic on

[+
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v . mebiic £ on
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(G Uhijz)\‘m ‘L'G'F)d_rbzﬁ— om R
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T
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Lz e Be(% 5)
= p(x,z) <&
= J.,Jf,ﬁg(m’z.;)\erT} < £
= J(x«, Zx) < E
3> T( ke, Z0) <8
- 7. e Bal(ax &) = U by O
= Zxg € Uy
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(TS }Dmab.m’l
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At 4eU
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= P(x,9) <€ < €

2> Ye Bp(2,€)
Bs(z,6) U

Hmce (1 f,lmjr;rw h:fﬂdrojf?f on FE is coatser lhan = boxr t‘bf:ofogj

Jheovem :
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=
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(i) P(?t'.;;) - Suf:I ‘;(x"zrf?")j - Sufo 53(3;525‘}? _ 9(3,99

(V) “To prove sl 9(x,2) < p(x,9) +9(4.2)
ggl?m(‘. q b a meabric

= d(x: z) < JC“E,E}E)JrJ(ﬁi,Z:)

= J(:t;fzi) < J(Kfr?")_’_ g(?irZQ
L

L

- i)« o283

= PD(x,z) < p(gfg)er(B)z)
D b a mdiic on R

To proe: D duwe @ procdud 15Dy

fhat  Petic Topategy © p9ual to }::’aoatuct l—u‘(bd’o?a_

() To prove :  Rodud Topetedy © frwr fhan metvic bofpetedy.
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[
Choose N Range enoujh  Auch that —5 < &
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w 'Tc;f?'rove

Given by \f = (-8, Tt E) Kevom x (F-g, Tnt ) WRRR Xowmns
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= e (2:_5/2;+£,) f,r i=1,2,3--,N and G ER For i>N
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Gliven € U we ﬁma" an cf/ﬁm sed V If Ma mebric W"%
!

ASuch that xe VU
Choose Ei < L Huen that (x - & x+€) < U
T (= o, o, a3, ..., Xn
ok £ = 'mfﬂg .“:} } [ = o, o, s, ey o(,,‘}
Now B, (x,€) b a basis elhmet Fo @ meliic tapetogy
ond % € By (95,6)
Claim:  Bo(x,6) = U

et 3=(%h>iez+ e Bp(x2)
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Jf’f@omm_— M J[o' X =Y ‘.;z,nn,’, ,Cd‘ b 4 and Y be ’)‘ﬂ(’&t-f}f]dhlﬂ

with mehics Ax and Ay %ﬂfxcﬁ"ﬂé-. Jhen c‘an.{inw“é/ of f v
egu.;va&nf f‘o (M /Lozu_irzrnené' thak tgvilmﬁ e X and /fjf'wfr E>O
lwre exids a &0 Such toak

dn(z,9)<8 > dy (30, 5(W) < &
TRoofF:  Griven thak  f 5 x—y whore X and Y ot mebrinable
il webites e and  dy mfmlfwl;r-
fat I:  Agsume Mot f b conkinuous.
75/7"’“?- that Joen ZEX omd Gin E7° Fa &>0
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At zex and E>o0 be Fven

Since zex = SO)EY
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ptacns %
Jf)ew Jf (BA Cj@t) E)) c%ew m X Mﬂ{ co
Thore oaist Some & ball Such that Belx (%.8) =4 (‘B,Jy S0,€)
At 4 € By (x,5)
= Ax(x,y9) < &
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> € Ba, (dm,€) = v
o> S (Bay(§0,9) c () — @
¢ Gien E0 F & >0 Such fthal Betx (%,8) s Tt in X,
44 Y€ By (a,8) Men o (2,4) < &
= dy (400, J(w) <& by arunphe
= £y € Bdy (J), €)
2 S E Bay (409, €) ¥ Y€ Bix (75)
= f(Ba @) = By (§2,8)
S B (0 <= J (Ba,(3%,8)
> Bu(8) = F () by O
6 xeBa(x,8) < F (V) e Bau(x,8) & =
basis element. From @ mebinable topotogical Apace.
BEEIOICE SR
=5 £ i conbiueus.

—_— e

;5"_5_;:__ A/seﬁu;n_ccjz.f R, %, o, -, 2} of foinbs of X [y Aaid
to converge to @ )?Oint z of X Ef 'vﬂa-r ovety ndjﬂfaciuﬂ;‘:"f
U 2 (hwre 2xish < /ao;f&vz mleger N tch fhat Z;

Ww U Forall izN

Theorer : ( Seguence Lovoma)

At X be a lopetogical Apae and At Ac X. Tf foare
b a Atguance of poinks of A converder} bz, then z€EA.
Tte conveve bhotds if X b metrigable.
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FPrRoot:  foh X be a lopeogical spae amd A< X
Griven taal §2nY 3, @ Alguence of /bomé of A whick convetie to 2.
Claim: z¢ A
Sine [0y converges to 2 where  Zn EA
& o b oa Aimit poict of fir Soguence § 20
= Evety neighbowthoed of x intewes A and  contans
-'njfn?h,\z, many fyoinb, a4 A
=> Z€A by Iheorem
C‘anvweg, Auplpose thal X b mebinalle with, mebic d.

At xeA
'Tt; P’mve Khak {Zn) conVuiges o =
(Si'nt.& 26;‘: = R_Vtﬂa. wgt\bouﬁhocp\ 03_ x 'm’(wzchA
Ak B, (%,£) be a noghbwthed of % for eack
#’@EE—VB ‘i'r\tﬂj?U n .
S Ba (‘Z;—;"—> naAa =+ §6 Vn
Ar 7 € Balg) NA Y™
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‘76-} U be O‘fJEn ‘n X contoiming
=  Jhue 2oish a basis damnt By (-Q;E) Auch  fhat

ZE Balz,e)c U

choose N Such that & <&

For 12N we hae 20 € AN Ba (%)
{
= JIn € Bd(“:ﬁ)
= d(ﬂu}@){.&{e
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= i eU VizN
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U/rca'n'-m: ({e{ J: X >y amd /Ed X ke 'J'ﬂ&’t’!;;aﬂfa’ﬁ’,. Jhen Mo

{vncffvn j LA (‘cmh'nunuo c‘fj ZITT (vay Crpnuugp,ni ,,j,pz,,m,,(p
fﬂ’q‘} -5 & N X Aeguene ;f(’m,) - f(x) m Y

FRooF : 0(!1 j:: X =3 ¥ amd X ke metﬁgabfe.
Assume tnat f b conlinuo?
To |prove : il;r..,j C‘pﬂVUTJM{'D P :;'JC(‘T"
At ;w.ﬁ comverges to z n X
claim @ fj(m)} conVuije? to £2) in Y
Lt zex. Ihen S E Y
e a 194, bowdhood : JC('X) n Y
Kt Vb neijh i ¥ o : |
o fepev = z€F (V) where £ (W) b ﬂf;iemin)(-
Sime fry —>n = zed(y VizN
= ._f('f,t;)é V % E;N
{:}(ﬂ'n)} — F2) m Y

C?.’mvmsdz}, Lk f: x>y beas fmc}eow oSfute X v memzﬂéfe.
© Assume hat ;,’Inj —>z2 m X ‘——5*7{3‘:(5(.;)_} -——}J(m) in Y

conVU}er to j(ﬂi) n Y

To es ,f U Conlbinuouo.

& fo fpm lat i Ac X then (_-F(E) = JA) ‘92 Heorem
=  Jhote L Aeguence {2] ot f;o;nt; of A converges to 2
= IzYeA —>2 by Suene bomms
- 55(%)) — fO by hafoame.m

Sivee fiap € Ja) => 09 € HW) vy segpene lemre
Heate  F(A) C:}CI)
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JIEF: Co'anc‘}& Lm'\j;rrm\B-

dd‘j;:x-é)’ Le a Aefuence of Junckions From 1 Aek X to T
meliic spae V. ot o be G mebic for V. We Aoy frat 1o Atjuenc
14) converges anifermly. to M forckion f3 X >y if Given
£>0, fhore &xish om mleger N Auch ool A Cﬁ(x),;f(z)) < £
Torall y sN and all 2 n X

I heovaw : (UNiFoRM LitIT THEOREM)

ot Jn g x>y be & Appee
(G ogical Space X to (G mei_‘u‘o /5/90"6 Y. If Ejnj

Converge un‘{:fow—rn% to Jf fHen Jf i conbinuous .

a:f conlinuous jumhm From

PROOF: Gﬁv-f;ﬂ el an S XY b o A?.Wnce Jj contirows
ﬁ;.w&t:iona ) ASSU&“"@ EJL"J Conr vmgm f)n?fgﬁn% to J‘
“To /nge: JC 5 conlinuoun .

i

At V be on gﬁuamufd'?n ¥
To fprove: j—'(v) o Tpen in X
btz be o point F F (V)
We wish to fwi o veighlpomheod U F To uch fhat
J00) = V.

(Since V [ d/ﬁazw amd. O‘:(Za) = V’ we can cheoese om
e-ball B (4x),e) V.
Since 5‘3% Convertges o JC (Anifm‘mla,
= Fiven Eo there exish an 'inﬁ}e-r N Auch hat
G{CJC"&); 36@) < -g—-»@\f neN and all TE X

Since. JN b Continucwus => we can cloose a necghbowthood
U of x. Auch hat J(U) < V
= h(U) = B (fu(2o), %) — @
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Claim:  f(0) = B(J(2),€)
At €U
Then d (—j&);j“(q)) = ':355 %) ©

A (@, In (f"")) <t By @

d(Fux), (=) <& by®

Noo  d (350, $m9) < d($@), In(x)
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aTgFzv3E

o ((jt(x)? f(m)) < £
= @ € B(J=), )
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Hence (@ claim
Cof(W eV
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Sol: e Ahall Spoo fhat 1 Seguence Bmma Aota not
fotd Fo R
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ohose coordinals arte faosFch¢
A= (0,2 20,0 | 7o forall ez,

w
aé..t o be e a;?ﬁ{w n
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amem bert oj = f’SE-Wﬂf_e {an}_
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